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The nonperturbative regime of electron–positron pair creation by a relativistic proton beam colliding 
with a highly intense bichromatic laser ﬁeld is studied. The laser wave is composed of a strong low-
frequency and a weak high-frequency mode, with mutually orthogonal polarization vectors. We show 
that the presence of the high-frequency ﬁeld component can strongly enhance the pair-creation rate. 
Besides, a characteristic inﬂuence of the high-frequency mode on the angular and energy distributions of 
the created particles is demonstrated, both in the nuclear rest frame and the laboratory frame.
© 2014 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
In the presence of very strong electromagnetic ﬁelds, the quan-
tum vacuum can decay into electron–positron pairs [1,2]. Pair 
creation in a constant electric ﬁeld was studied in detail by 
Schwinger [3], employing the then newly established methods of 
quantum electrodynamics (QED). The resulting pair-creation rate 
has the form R ∼ exp(−πEcr/E), where E is the applied ﬁeld and 
Ecr = m2/e the critical ﬁeld of QED. Here, e = |e| and m are the 
positron charge and mass, respectively, and relativistic units with 
h¯ = c = 1 are used. The Schwinger rate has a manifestly non-
perturbative character due to its non-analytic ﬁeld dependence. 
Therefore, it is of fundamental importance for our understanding 
of nonperturbative quantum ﬁeld theories. An experimental veri-
ﬁcation has so far been prevented, though, by the huge value of 
Ecr = 1.3 × 1016 V/cm, which is not accessible in the laboratory yet.
The recent progress in high-intensity laser devices has strongly 
revived the interest in Schwinger pair creation.1 In particular, 
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Among them is a dynamically assisted variant where a rapidly 
oscillating electric ﬁeld is superimposed onto a slowly varying 
electric ﬁeld [6]. The total rate for pair creation in this ﬁeld com-
bination was shown to be strongly enhanced, while preserving its 
nonperturbative character. This interesting prediction has led to 
a number of subsequent investigations. Currently, the momentum 
distributions of pairs created by the dynamically assisted mecha-
nism are under active scrutiny [7–9].
Pair-creation phenomena resembling the Schwinger effect can 
also occur when a beam of charged particles collides with a 
counterpropagating intense laser beam. For instance, pair cre-
ation has been theoretically predicted in relativistic proton-laser 
collisions via a strong-ﬁeld version of the Bethe–Heitler effect 
(see, e.g., [10–16]). When the laser frequency ω is relatively 
small, so that the dimensionless parameter ξ ≡ eE/mω becomes 
large, ξ  1, the total rate for this process adopts the form R ∼
exp(−2√3Ecr/E ′) [13]. Here, E ′ = (1 + β)γ E denotes the laser ﬁeld 
amplitude transformed to the rest frame of the proton, which is as-
sumed to be sub-critical: E ′  Ecr. The proton Lorentz factor γ and 
reduced velocity β have been introduced here. The similarity with 
the Schwinger rate is due to the fact that the characteristic length 
scale of pair creation in this parameter regime is much shorter 
than the laser wavelength, so that the ﬁeld appears as quasi-static 
during the process. BY license (http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
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process could, in principle, be realized by utilizing the highly 
relativistic proton beam of the Large Hadron Collider (LHC) at 
CERN (γ ∼ 7000) in conjunction with a counterpropagating high-
intensity laser beam (E ∼ 1011 V/cm). In fact, a very similar scheme 
was employed to observe pair creation by multiphoton absorp-
tion at the Stanford Linear Accelerator Center, where a 46 GeV
electron beam colliding with an intense optical laser pulse trig-
gered the pair creation [17]. This experiment, however, did not 
probe the Schwinger regime of pair creation because the ﬁeld in-
tensity was somewhat too low (ξ ≈ 0.3). Instead, the measured 
pair-creation rate showed a power-law dependence on the ﬁeld 
strength.2 Note that, a rate of the form R ∼ ξ2n , with n denoting 
the number of absorbed laser photons, follows from a considera-
tion within the n-th order of perturbation theory, which is valid 
for ξ  1.
Also for the strong-ﬁeld Bethe–Heitler process, a dynamically 
assisted variant has been studied recently [19,20]. There, it has 
been shown that the total pair-creation rates in relativistic proton-
laser collisions may be strongly enhanced when a weak high-
frequency component is superimposed onto an intense optical 
laser beam. Moreover, similar enhancement effects have been ob-
tained for pair creation by the strong-ﬁeld Breit–Wheeler pro-
cess [21] and in spatially localized ﬁelds [22].
In this letter, we study strong-ﬁeld Bethe–Heitler pair creation 
in a laser ﬁeld consisting of a strong low-frequency and a weak 
high-frequency component. An S -matrix calculation within the 
framework of laser-dressed QED employing Dirac–Volkov states is 
performed. Besides total pair-creation rates, our method allows us 
to calculate angular and energy distributions of the created parti-
cles that are not accessible to the polarization operator approach 
used in [19,20]. The nonperturbative interaction regime with ξ ≈ 1
is analyzed both in the laboratory and the nuclear rest frame. We 
note that Bethe–Heitler pair creation in bichromatic laser ﬁelds 
has been studied recently, with a focus on interference and rela-
tive phase effects arising in the case of commensurable frequencies 
[23–25].
It is interesting to note that analogies of the Schwinger ef-
fect exist in other areas of physics. They have been demonstrated 
in various systems such as graphene layers in external electric 
ﬁelds [26], ultracold atom dynamics [27], and light propagation 
in optical lattices [28]. In these systems, the transition probability 
between quasiparticle and hole states shows Schwinger-like prop-
erties.
2. Theoretical framework
Employing the S -matrix formalism of electron–positron pair 
creation in combined laser and Coulomb ﬁelds, we write the tran-
sition amplitude in the nuclear rest frame as [10–12]
S = ie
∫
Ψ¯
(−)
p−,s−γ0AN(r)Ψ
(+)
p+,s+ d
4x. (1)
Electron and positron are created with free momenta p± and spins 
s± , where the subscripted sign denotes their respective charge. 
They are described by relativistic Volkov states Ψ (±)p±,s± taking their 
interaction with a plane-wave laser ﬁeld fully into account. In our 
case, this laser ﬁeld is a superposition of two independent modes 
with the combined vector potential:
AL =
∑
i=1,2
ai cos(ηi), (2)
2 However, an onset of nonperturbative signatures has been observed in [17]; see 
also [18].wherein the phase variables ηi = xμkμi = ωit − ki · r are deﬁned 
via the wave vectors ki = ωiκ , where κ = (1, 0, 0, 1). The individ-
ual amplitude vectors ai are chosen to be perpendicular and their 
absolute value is given by the dimensionless intensity parameters
ξi = e
m
|ai |√
2
. (3)
The nuclear Coulomb ﬁeld AN(r) = Ze/r, with the nuclear charge 
number Z , is treated in the lowest order of perturbation theory.
The S -matrix may be evaluated by expanding the occurring 
periodic functions into Fourier series. The thereby introduced se-
ries summation indices ni , with i = 1 or 2, may be understood as 
numbers of photons taken from the respective laser mode i. This 
expansion allows to perform the four-dimensional integration from 
Eq. (1) analytically by using the Fourier transform of the Coulomb 
potential and a representation of the δ-function for the integral in 
space and time, respectively [29]:∫
d4x AN(r)exp
(
ixμQ
μ
)= 4π Ze
Q 2
2πδ(Q 0), (4)
where Q = q+ +q− −n1k1 −n2k2 is the momentum transfer to the 
nucleus and
q± = p± + e
2A2L
2κμp
μ
±
κ (5)
are the laser-dressed momenta. Note that, by the deﬁnition of Q 0, 
the arising δ-function ensures energy conservation.
The fully differential pair-creation rate is obtained by summing 
the square of the amplitude S over the ﬁnal spin states:
d6R = 1
T
∑
s+,s−
|S |2 d
3q−
(2π)3
d3q+
(2π)3
, (6)
where the time interval T has been introduced. For incommensu-
rable frequencies, the squared S -matrix adopts the form
|S |2 ∼
∑
n1,n2
|Mn1,n2 |2δ(Q 0)T , (7)
with the matrix element Mn1,n2 containing the Fourier series coef-
ﬁcients.
For the following discussion, it will be particularly convenient 
to rewrite Eq. (6) by introducing partial rates distinguished by a 
single summation index, such that
d6R =
∑
n1
d6Rn1 , (8)
d6Rn1 ∼
∑
n2
∑
s+,s−
|Mn1,n2 |2δ(Q 0)
d3q−
(2π)3
d3q+
(2π)3
. (9)
The δ-function introduced in Eq. (4), allows to perform one inte-
gration analytically. In order to gain total rates or rates differential 
in a single coordinate the necessary remaining integrations are 
then calculated numerically.
3. Results
3.1. Total pair-creation rates
In the following we shall apply our formalism to pair creation 
by a relativistic nuclear beam and a bichromatic laser ﬁeld, which 
is composed of a high-frequency low-intensity (i.e., weak) mode 
(ω1 ∼ 2m, ξ1  1) and a low-frequency high-intensity (i.e., strong) 
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nuclear rest frame – For the latter, the result obtained here is compared to the 
analytical counterpart extracted from [19], as can be seen in the insets. For inten-
sities below ξ2 ≈ 1, the assisted process dominates. Above this value, the situation 
inverses. In both ﬁgures, ξ1 = 1.45 × 10−8 is used.
mode (ω2  2m, ξ2 ∼ 1). Such a ﬁeld may be achieved exper-
imentally by the following combination in the laboratory frame 
(primed): The assisting photon from the weak ﬁeld with ω′1 =
70 eV may be provided by an extreme-ultraviolet (XUV) source, 
e.g., one based on High-Harmonic Generation (HHG) [30] or a 
Free-Electron Laser (FEL) [31]. For the strong ﬁeld, the 1064 nm
infrared (IR) light emitted by an Nd:YAG (neodymium-doped yt-
trium aluminum garnet) laser may be frequency doubled in order 
to deliver ω′2 = 2.33 eV. This corresponds to a frequency ratio of 
ω1/ω2 ≈ 30. In combination with a proton beam of γ  7460, as 
currently provided by the LHC [32], a setup of technology avail-
able today is feasible. Speciﬁcally, we will ﬁrst examine the case 
of γ = 6600, with the resulting photon energies in the nuclear 
rest frame ω1 = 924 keV and ω2 = 30.76 keV, as well as ξ1 =
1.45 × 10−8. Note that, the nuclear rest frame energy of the as-
sisting mode is indicated by the notion of a γ -assisted process. 
Furthermore, the parameters of the assisting mode correspond to 
an intensity of approximately 107 W/cm2 in the laboratory frame. 
We point out that this is a moderate value given the fact that 
present-day HHG and FEL sources may reach ﬁeld intensities of 
the order of 1013 W/cm2 [33] and 1018 W/cm2 [34], respectively.
We shall begin with the comparison of strong-ﬁeld Bethe–
Heitler pair creation with and without the assistance of a single 
high-energetic photon. The respective total pair-creation rates Rn1
are shown in Fig. 1(a) for the nuclear rest frame. The correspond-
ing rate in the laboratory frame is given by R ′n1 = Rn1/γ . Even 
though the depicted intensity range of the strong mode is ξ2 ≈ 1, the total rates of both processes show a Schwinger-like depen-
dence on this parameter:
R ∼ exp
(
− C
ξ2
)
. (10)
However, the coeﬃcient C differs for the two cases. In the assisted 
process C is smaller, leading to an almost ﬂat curve, while in the 
unassisted case a steep increase is visible.
Taking the absolute height into account, the inﬂuence of the 
assisting photon on the total pair-creation rate becomes appar-
ent: As long as the intensity of the highly intense laser is below 
ξ2 ≈ 1, the assisted process shows a strong enhancement over the 
unassisted counterpart. However, from ξ2 ≈ 1 onwards the situa-
tion inverses and the unassisted process becomes dominant.3 Note 
that, the value of ξ2 where this crossing occurs may be inﬂuenced 
by adjusting ξ1, on which the unassisted process does not depend 
and the assisted process depends quadratically. Therefore, a rela-
tive scaling between the two graphs is possible.
In a similar scheme, total rates of γ -assisted pair creation have 
been investigated fully analytically in [19]. Particularly, Eq. (9) 
therein (here quoted in a form adapted to our notation),
R ∼ exp
(
−2
√
2
3ζ
)
, (11)
with the parameters
ζ = χ
δ3/2
, where χ = 1√
2
ω2
ω1
ξ2, (12)
δ =
(
2m
ω1
)2
− 1 ≈ 2m − ω1
m
, (13)
allows for a comparison of the derived dependence on the strong 
ﬁeld intensity ξ2 with our numerically integrated result. This com-
parison is done by scaling the exponential via a proportionality 
factor such that the values at ξ2 = 1.25 coincide. However, we 
note that Eq. (11) was obtained under the assumption that ξ2  1. 
Even though this requirement is not met for the results shown 
in Fig. 1(a), where ξ2 ∼ 1, the additional graph – for the approxi-
mated δ – shows very good agreement.
Besides this requirement of large intensities, there are two ad-
ditional constraints demanded for the applicability of Eq. (11): 
The two parameters given in Eq. (12) and Eq. (13) should be 
 1. For the parameter set above, their values are both relatively 
small (≈ 0.2) indeed. However, if we keep the laser combina-
tion in the laboratory ﬁxed and increase γ to 7000, leading to 
photon energies in the nuclear rest frame of ω1 = 980 keV and 
ω2 = 32.62 keV, we end up with ζ ≈ 0.9. This expectedly leads to 
the signiﬁcant deviation between our result and that obtained us-
ing Eq. (11) clearly visible in Fig. 1(b).
Had we chosen a γ lower than the initial 6600, the results 
would also have deviated from the prediction of Eq. (11), as then 
the parameter δ, indicating the remaining energy gap that has to 
be overcome by absorption of photons from the strong laser mode 
(i = 2), would have grown to and eventually overcome unity. Based 
on our results, we can establish an empirical extension to Eq. (11)
valid for this regime. It has been obtained by expressing Eq. (11)
3 Pair creation by the weak mode (ξ1 = 1.45 × 10−8, ω1 = 924 keV) alone, with-
out contribution from the strong mode (hence, for ξ2 = 0), is dominated by the 
absorption of two ω1-photons. We ﬁnd a pair-creation rate of 4.6 ×10−17 1/s, which 
is much smaller than that of the respective dominating process in Fig. 1(a). The 
same is true for ω1 = 980 keV, with a slightly larger rate of 6.1 × 10−17 1/s.
S. Augustin, C. Müller / Physics Letters B 737 (2014) 114–119 117in the form
R ∼ exp
(
−4
3
1
ω2
ω1
(
2− ω1
m
)3/2 1
ξd2
)
, (14)
where we have introduced an empirical ﬁtting parameter d. Note 
that, for d set to unity, Eq. (14) is identical to Eq. (11) if the 
approximated expression for δ from Eq. (13) is employed. Then 
we separately identiﬁed dependences on the two photon ener-
gies via ﬁts to our results from a wide range of parameters, 
800 keV ≤ ω1 ≤ 900 keV and 10 keV ≤ ω2 ≤ 100 keV in the nu-
clear rest frame, with according functions extracted from Eq. (14). 
From this we could gain that for d ≈ 0.8 the exponential scaling 
works well when δ is not very small. While this is only a small 
deviation from the Schwinger-like form of Eq. (10), it can strongly 
impact the quantitative value of the predicted rates.
Note that, for the regime where the parameter ζ is not very 
small, i.e., for energies of the assisting photon just below the pair-
creation threshold like in Fig. 1(b), no constant empirical value for 
d could be determined, as the dependence on ξ2 changes rapidly 
with the precise value of the two parameters. This regime shall be 
further investigated in the subsequent section.
3.2. Angular- and energy-differential spectra
Besides the total pair-creation rate, further insight into the dif-
ferences between the assisted and the unassisted process may be 
found in the arising differential spectra. In particular, a poten-
tial experimental observation would rely on knowing the required 
acceptance of a detector and the optimal angle under which to 
measure.
Returning to the above parameter set with γ = 7000, where the 
parameter ζ (cf. Eq. (12)) is relatively large, Fig. 2 shows the pair-
creation rate differential in the emission angle θ in the nuclear rest 
frame and the laboratory frame for the both processes at ξ2 = 1, 
the approximate crossing point found in Fig. 1(b). The two key dif-
ferences are the shifted peak position and the increased width of 
the distribution for the assisted process.
It is worth pointing out that, the minimal number of low-
frequency photons to overcome the pair-creation threshold for the 
unassisted process in Fig. 2 amounts to nmin2 = 45, whereas the 
assisted process requires only nmin2 = 15. The difference between 
these threshold numbers corresponds to the frequency ratio ω1/ω2. 
The main contribution to the total pair-creation rates, though, 
stems from substantially larger photon numbers. For the unas-
sisted process, the typical number n2 ranges from about 50 to 75, 
whereas it ranges from about 18 to 50 for the assisted process. 
Hence, the broader angular distribution arises in the case where 
the total number of absorbed photons is smaller. Interestingly, 
a similar effect of angular broadening for smaller photon numbers 
has also been found for pair creation by few-photon absorption in 
the perturbative interaction domain [35]. There, however, a small 
shift of the emission maximum towards larger angles has been 
found for larger photon numbers, in contrast to the present sit-
uation.
Note that, the Lorentz transformation contracts the full-π spec-
trum of the nuclear rest frame (Fig. 2(a)) into a small range in 
the laboratory frame (Fig. 2(b)). Furthermore, it maps small an-
gles to large angles and vice versa. Therefore, when comparing 
the distributions in one reference frame with its counterpart in 
the other, the spectra show a mirrored behavior. To both spec-
tra, the summed-up differential rates dR/dθ(′) , with R = R0 + R1 as 
deﬁned in Eq. (8), have been added. Note that, the rate of the unas-
sisted process could in principle be measured independently by 
turning off the assisting light source. In contrast, the assisted pro-
cess occurs only simultaneously with its unassisted counterpart. Fig. 2. Angular-differential spectra of the unassisted and the γ -assisted process – 
The same parameters as in Fig. 1(b) have been used at ξ2 = 1.0. In both frames 
of reference, the width of the distribution is increased for the assisted case. In the 
nuclear rest frame, the peak of the assisted process is shifted towards larger angles. 
Just as in the laboratory frame, towards slightly smaller angles.
Nevertheless, the distinction between the two processes in their 
contribution to the summed-up rate is more illustrative.
The energy distribution is depicted in Fig. 3 for the same pa-
rameters as above. Similar to Fig. 2, a broadening for the assisted 
process is found in both frames of reference. However, only in the 
laboratory frame the peak position is shifted. The latter may be 
attributed to the interweaving of the emission angle as given in 
Fig. 2(a) (contained in the z-component of the four-momentum) 
and the energy as given in Fig. 3(a) by the Lorentz transformation 
to the laboratory frame:
E ′q = γ
(
Eq + βq cos(θ)
)
. (15)
Hence, the peak position shift in the former manifests itself in the 
Lorentz-transformed version of the latter. Again, the summed-up 
rates dR/dE(′)q have been added to both spectra for the same reason 
as stated above.
3.3. Doubly γ -assisted process
Extending our results to a higher-order assisted process may be 
straightforwardly done by halving ω1, the frequency of the assist-
ing mode. This way we may compare the unassisted case (which 
obviously remains unchanged) to the assisted processes with one 
or two photons of high energy. Furthermore, the intensity of the 
assisting mode is increased to ξ1 = 5 × 10−5 to ensure better com-
parability of the three processes of interest. Besides, the parame-
ters are identical to the above case of γ = 7000.
118 S. Augustin, C. Müller / Physics Letters B 737 (2014) 114–119Fig. 3. Energy-differential spectra of the unassisted and the γ -assisted process – 
The same parameters as in Fig. 1(b) have been used at ξ2 = 1.0. In both frames 
of reference, the width of the distribution is increased for the assisted case. In the 
nuclear rest frame the peak position remains unchanged, while it shifts towards 
larger energies in the laboratory frame.
Fig. 4. Total pair-creation rates of the unassisted, the singly γ -assisted, and the 
doubly γ -assisted process in the nuclear rest frame – With the parameters ω1 =
490 keV, ω2 = 32.62 keV, and ξ1 = 1.45 × 10−8. For the smallest ξ2, the doubly 
assisted process dominates. In an intermediate range, 0.85  ξ2  1.02, the singly 
assisted process is strongest. Just as the unassisted process, for the highest ξ2.
Analogous to Fig. 1, the total rates for these three processes are 
shown in Fig. 4 as function of ξ2. We note that, in agreement with 
the above found behavior, for the lowest values of ξ2 the high-
est number of assisting photons, two, is dominant. From ξ2 ≈ 0.85Fig. 5. Differential spectra of the unassisted, the singly γ -assisted, and the doubly 
γ -assisted process in the laboratory frame – The same parameters as in Fig. 4 have 
been used at ξ2 = 0.9. In accordance to Figs. 2 and 3, the width of both spectra is 
larger the more assisting photons are involved. Similarly, shifts of the peak position 
occur.
onwards, the singly assisted process overgrows the former, which 
is in turn overgrown by the unassisted case for the highest de-
picted intensities (ξ2  1.02).4 It is worth pointing out that here, 
the singly γ -assisted process with ω1 = 490 keV represents the 
aforementioned case where the parameter δ (cf. Eq. (13)) is larger 
than unity, as δ ≈ 3.4.
A similar agreement with the behavior found in Figs. 2 and 3 is 
visible for the angular and energy spectra depicted in Fig. 5 for 
ξ2 = 0.9, where the three processes are of approximately equal 
strength. Evidently, the distributions are further widened and the 
peak position is shifted for the process with two assisting pho-
tons.
4. Summary and conclusion
We have studied the strong-ﬁeld Bethe–Heitler process of 
electron–positron pair creation in relativistic proton-laser colli-
sions, with the laser ﬁeld consisting of a strong low-frequency 
and a weak high-frequency mode. Focusing on the nonpertur-
bative interaction regime, where the intensity parameter of the 
strong mode is in the order of unity (ξ2 ≈ 1), we have shown 
that the assistance of the high-frequency ﬁeld component can 
largely enhance the total pair-creation rate. The latter still exhibits 
4 Here, pair-creation by the weak mode (ξ1 = 5 × 10−5, ω1 = 490 keV) alone is 
dominated by the absorption of three ω1-photons, with a rate of 2.6 × 10−12 1/s.
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mous Schwinger rate. This way we extended previous results valid 
for ξ2  1 [19,20] to the intermediate laser-matter coupling regime 
and showed, moreover, that the ﬁeld scaling of the Schwinger-
like exponent changes signiﬁcantly when the high laser frequency 
closely approaches the pair-creation threshold (in the proton rest 
frame).
Additionally, we have demonstrated that the γ -assisted pair-
creation mechanism exerts a characteristic inﬂuence on the angu-
lar and energy distributions of created particles. It leads to shifts 
of the emission maxima and a broadening of the distributions. 
Finally, a regime of parameters has been identiﬁed where the as-
sistance of two high-frequency photons strongly affects, or even 
dominates, the pair-creation rate. In accordance with the above, 
characteristic changes were also found in the underlying spec-
tra.
Our results can be tested experimentally by combining the LHC 
proton beam with a counterpropagating laser pulse comprised of 
a highly intense optical mode and a high-frequency (XUV or soft 
X-ray) mode of moderate intensity.
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